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Spectral density analysis of time correlation functions in lattice QCD using the maximum
entropy method
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We study various aspects of extracting spectral information from time correlation functions of lattice QCD
by means of Bayesian inference with an entropic prior, the maximum entropy méw®ell). Correlator
functions of a heavy-light meson-meson system serve as a repository for lattice data with diverse statistical
quality. Attention is given to spectral mass density functions, inferred from the data, and their dependence on
the parameters of the MEM. We propose to employ simulated annealing, or cooling, to solve the Bayesian
inference problem, and discuss the practical issues of the approach.

DOI: 10.1103/PhysRevD.65.094512 PACS nuni®erl2.38.Gc, 02.50.Tt, 02.60.Ed
I INTRODUCTION ) ~ C(t+11t0)+C(t—11o) —2C(t,to)
:Ufeff,s(t,to)_ C(t t())

Numerical simulations of quantum chromodynamics
(QCD) on a Euclidean space-time lattice provides access to =2(coshimgg3) —1). (3d)
mass spectra of hadronic systems through the analysis of
time correlation functions. In theory the latter are linear com-The expressions after the are the values ofi. for a pure

binations of exponential functions plateau of masms.;. The procedure implies the selection of
consecutive time slices=t; .. .t, for which u4=const,
C(t,tg)=2Z,e Bult-to) p 7, e Ealt=t) ... (1)  within errors, and an appropriate fit. The selection of this,

so-called, plateau is a matter of judgment. A condition for
Greliable results is that the correlation functi¢h is domi-
nated by just one exponential term, usually the ground state.
The latter can be enhanced by the use of smeared operators
. [1] and fuzzy link variable$2]. This analysis procedure dis-
Z,=|(n|®(to)|0)? (20 courages consideration of excited states. In fact it will only
reliably produce results if those are suppressed. Workarounds
are matrix elements of some vacuum-subtracted operatd)lﬁVONe diagonalization of a correlation matrix of several op-
D (to)=D(to) —(0|P(to)|0) between the vacuun®) and a  €rators or variational techniqu¢8]. Those, however, still
ground or excited stat@),n>0. In practice the exponential rely on plateau selection without utilizing the information
model(1) is fitted to noisy numerical simulation “data.” The Ccontained in the entire available time-slice range of a corre-
statistical quality of simulation data rarely is good enoughlation function. . _ _
for the two-exponential fi¢1) to succeed. It is common prac-  AS lattice simulations of QCD now aim at excited hadron
tice to look at the large-behavior of the correlation function StatesN*'s for example{4,5], this situation is unsatisfactory.
C(t,to) in at interval where it is dominated by only one Altérnative methods employing Bayesian inferefiBpare a
exponential, with the lowest energy, and then make a oneYiable option. The maximum entropy methGdEM), which
parameter fit to a plateau of the effective-mass functior"volves a particular choice of the Bayesian prior probability,

wei(t,to) = — @ In C(t,tg)/ét. Possible discretizations are falls in this class. Bayesian statisticg| is a classic subject
with a vast range of applications. However, application

within the context of lattice QCD is relatively nel@—12).
>:meff0 (33) In this work we report on our experience using the MEM
’ for extracting spectral mass density functiopéw) from
lattice-generated time correlators

where theE, are the excitation energies of the system an
the strength coefficients

C(t+1t,)
enolt.to) = —'n(Wof

(L0 Clt+ity) . @b
, = =0 el
Heffl™ 0 C(t,to) C(t,to)=J dow p(w)e_“’(t_to), (4)
~ C(t+1t9) —C(t—1to) where a discrete set of time slicess understood. Discreti-
MefiAtito) = 2C(t,t,) zation of thew integral with reasonably fine resolution leads
_ to an ambiguous problem where the number of parameter
= —sinh(Mey ») (30 valuesp(w) is (typically much larger than the number of
lattice dataC(t,tp). In the MEM an entropy term involving
the spectral density is used as a Bayesian prior to jnfex)
*Electronic address: fiebig@fiu.edu from the data.
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We here apply MEM analysis to sets of lattice correlationrelatorC, (t,to) =(®(t)®, (to)), whered =d —(d), has a
functions of a meson-meson system. Those particular simipurely discrete spectrum
lations are aimed at learning about mechanisms of hadronic
interaction. This will be discussed separafd@]. The lattice

= 2 7wn(t7t)
data generated within that project involve local and nonlocal Cu(tito) ,;O [(n®,(to)|0)%e . (8)
operators. They exhibit a wide range of statistical quality
from “very good” to “marginally acceptable.” Here|n) denotes a complete set of states with energigs

Our focus here is to utilize those data as a testing groundome of which may be negative due to periodic lattice
for Bayesian MEM analysis. In contrast to other works weboundary conditions and operator structure. Our normaliza-
employ simulated annealing to the solution of the Bayesianion conventions for forward and backward going propaga-
inference problem. The main aim of this work is to exploretors are determined by defining
the feasibility of this approach for extracting masses from a
lattice simulation using realistic lattice data, including exci- expr(w,H)=0(w)e '+ 0 (—w)e (Y, 9

tations. For the most part this translates into studying the .
sensitivity of the method to its native parameters. where O<t<T, and® denotes the step function. We then

expect the lattice data to fit the following model

II. BAYESIAN INFERENCE FOR CURVE FITTING e

F(pTltitO):J dpr(w)eXpl'(w1t_tO)1 (10)
From a Bayesian point of view the spectral density func- -
tion p in Eqg. (4) is a random variable subject to a certain
probability distribution functional™ p]. Solution of the
curve fitting problem consists in finding the functiprwhich
maximizes the conditional probability] p< C], the poste-
rior probability, given a “measured” data sef. Computa-
tion of p is then based on Bayes’ theorg6i

wherept(w) is a spectral density function, defined for posi-
tive (forward) and negativebackward frequencies. The re-
quirement that the model be exa&(p|t,ty)=C,(1,tq),
leads to

pr(®)= 2, 8(w—w,)|(n|®,(tx)|0)|?

-

=}
o

Plp—CJPIC]=PLC—p]Plp], ©)

X[O(wn)+O(—wy)e”“nT]. (11
also known as “detailed balance” in a different context. The ) ) )
functional P[C], the evidencegives the probability of mea- Thus a discrete sum ovef peaks is the theoretical form of
suring a data se€. The conditional probability?{C«p],  the spectral function. Our objective is to compyie(w)
thelikelihood function determines the probability of measur- from lattice data using Bayesian inference.
ing C given a spectral functiop. Finally [ p], the Bayesian
prior, defines a constraint on the spectral density funggion B. Likelihood function

Its choice is a matter of judgment. Ideally, the prior should Toward this end we proceed to construct the likelihood

reflect the physics known about the system, for example afnction. The lattice data come in the form of an average
upper limit on the hadronic mass scale. The posterior probgyer N, gauge configurations

ability is the product of the likelihood function and the prior

Plp—Cl=P[C—p]Ppl/P[C], where the evidence 1 N

merely plays the role of a normalization constgit Indeed, Co(tito) =~ Z C,(Ult,to), (12
the normalization conditiorf[dp]Pp+C]=1 applied to un=t

Eq. (5) givesP[C]=[[dp]PLC—p] PLp]. Thus, for a fixed whereC, (U, [t,to) is the value of an operator, in this case

C. we have CDI(t)CDU(tO), in one gauge field configuratidd,. Correla-
tion function data on different time slices are stochastically
Plp—ClePC—p]PLp]. ©) dependent. Their errors are described by the covariance ma-
The curve fitting problem requires the product of theli- trix
hood functionand theprior function. 1 Nu
Fu(tete) = o 2 (Culty to) = ColUnlty o)

A. Spectral density

. . . . X - .
Our lattice data come from correlation functions built (Co(tz,to) = Cy(Unltz 1o)) (13
from heavy-light meson-meson operators The y? distance of the spectral model0) from the lattice
D, =v,0;+0,D,, @) data then is
_ -1
whered,; and®, involve local and non-local meson-meson Xz—;:z (Cy(t1,to) = F(prlty, to))I, (ta,t2)
fields, respectively, at relative distanceandv are some 1
coefficientd14,15. On a finite lattice the corresponding cor- X (C,(ta,t0) — F(p1lta,to)). (14
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For numerical work a discretization scheme of théntegral
in Eg. (10) is required. Our choice is
K

F(pTit,to>zk;7 Pk eXpr( wy ,t—to) (15)

where w,=Awk, Aw is an appropriatésmall) interval, p
=Awpr(wy), andK_<0<K, .

PHYSICAL REVIEW D 65 094512

D. Computing the spectral density
With Egs. (16) and (18) the posterior probability6) be-
comes

Plp—Clue (12-as) (19)

We wish to maximizeP[ p«— C] with respect t, at fixedC.
It can be shown that botly’[p] and —S[p] are convex

The likelihood functionP[ C«p] describes the probabil-
ity distribution of the dataC given a certain parameter get
If we imagine that the data are obtained by a large number of
measurements, at fixed, then the probability distribution

for C is Gaussian by virtue of the central limit theorem,

p[c(_p]oce—xz/z_ (16) dom p, are coupled via the covariance matfik3) in Eq.

(14). To find the minimum ofW[p] one option is to use

This is the standard argument for employing the above fornsingular value decompositiaf$VD); see[11]. _
of the likelihood function in the context of Bayesian infer-  In keeping with the Bayesian probabilistic interpretation
ence[6,16]. of p an attractive alternative is to employ stochastic methods
to solve the optimization probleM/[ p]=min. In this work
we employ simulated annealifg1], equivalently known as

, . ) . cooling. The algorithm is based on the partition function
In case some information is available about the physics of

the system it can be used to constrain the parameter space of
the model. This is the role of the Bayesian prior. In the stan-
dard approach plateau methods are a severe form of impos-
ing restrictions. A two-exponential fitl), if feasible, is less It involves the generation of equilibrium configuratiops
constraining. In a Bayesian context it is possible to graduallyvhile gradually increasing,, from an initially small value,
increase the number of exponentials until convergence ifollowing some annealing schedule. The latter is subject to

reached. This is a strategy advocated ig]; see alsd17]. experimentation. We have used the power law
There, the model for the correlation function3sA,e™ Ent,
Bw(n)=(B1= Bo)(NIN)7+ By

initially with small number of terms, which is then con-

- , , A N2/2
stralned_by the Bayesian prior e(pr_”[('ﬁ‘ f”) /20-An with annealing stepa=0 . ..N between an initiaj3; and a
+(E,— En)z/zEgn]). The quantitiesh,,oa ,Eq, o arein-  final B;.
put. Their choice is inspired by prior knowledge about the A standard Metropolis algorithm was used to generate
physics of the system. configurationsp with the distribution in Eq.(21). In con-

On the other hand, there is usually a@riori information ~ Secutive sweeps local updates were done by multiplying the
about the location and the strengths of the peaks in the maspectral parameters with positive random numbesg,
spectrum. The view that onlginimal informationis avail-  —Xpy. Some experimenting showed tHatdistributed ran-
able about the spectral density function can also be impledom deviates of order twop,(x)=x*"'e */T'(a),a=2,
mented in the Bayesian prior. The information content, in thevork quite efficiently at an acceptance rate centered at about
sense of [18-20, is measured by the entropys 50%.
=—3pIn(p/m), on some scalen. Rather, a commonly
used variant is the Shannon-Jaynes enti{dly

functions ofp={p,:K_<k=<K,}. Thus
W[p]=x?/2—aS (20)

has a unique absolute minimum. The functioNd]p] is
nonlinear and maximally nonlocal since all degrees of free-

C. Entropic prior

Zu= | [dple ], (21

(22

lll. RESULTS
K,

Spl= 2,
k=K

All simulations were done on an®x T= 10> 30 lattice.
The gauge field and fermion actions are both anisotropic,
with a bare aspect ratio @f;/a,=3, and tadpole improved.
The gauge field action is that 8] with 5=2.4, leading to a
spatial lattice constant @f;=0.25 fmag 1~800 MeV. For
the light fermions we use a clover improved Wilson action.
The hopping parametex=0.0679 results in a mass ratio
m_/m,=0.75. Following[3] only spatial directions are im-
proved with spatial tadpole renormalization factoug
=(0O)¥ while u=1 in the time direction. Clover terms
involving time directions are omitted.

Some guidance for a reasonallediscretization(15), of
Eqg. (10), may be derived from the physical value of the
lattice constant;, and the time extenTa, of the lattice.

Pk
(Pk my Pk'nﬁ()- (17)

Note thatp,=0, according to Eq(11). The configuration
m={m,:K_<k=<K_} is called the default model. We have
§<0, Vp, while S=0<p=m. The default model is a
unique absolute maximum & Choosing the prior probabil-
ity as

Plpl=e*®

entails thatP[ p] is maximal in the absence of information
aboutp. An argument for Eq(18) can be found if6]. The
entropy strengthr and the default modeh are parameters.

(18
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Admissible lattice energies thus lie approximately between 10
mlai~7.5 GeV andr/Ta,~250 MeV, or~3 and~0.1in 10"
units of a, 1 In practice these are somewhat extreme o
bounds. Typical hadronic excitation energies are much less © o
than 7/a;~7.5 GeV. The lower bound, on the other hand,
may well be ignored as a criterion for choosing the discreti-
zation intervalA w, because the theoretical form pfis a
superposition ol peaks. Thus the resolutiahw should be 10 e a0 Oy s
small, in fact much smaller thas0.1. A reasonable lower . t , @
bound is the likely statistical error on spectral masses. For N e i) °r o
most of the results presented hetew=0.04, andK_ e
=—40K,=+80, leading to—1.6<w=+3.2, were used 0
with Eq. (15). 07
With the annealing schedul¢22), we have usedN 07
= 2048 cooling steps, at 128 sweeps per temperature, starting 0
at B,=1.0x10"°B and ending a3;=1.0x10"°g, with a
geometric average oB=1.0x10"3. These choices are an
outcome of experimentation. With=16.61 in Eq. (22 e
about half of the cooling steps operate in the regions 0! C=Cylt.ty)
Bw(n)<pB and By(n)> B, respectively. The average value .
B is such thatB,W[ p] fluctuates about one at arouit2 o o
cooling steps. With the final annealing temperature kept con-
stant, Byw= B4, an additional 1024 steps were done keeping
16 configurationg in order to measure cooling fluctuations. o [0 et |/ =t
Results are robust within reasonable changes of the an- 0" — 10” .
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nealing schedule parameters; they were used throughout this e wpmEs 2 @

work.

A. Entropy weight dependence

The extent to which the spectral densitydepends on the
value of the entropy weight parameter in Eq. (20), is a
primary concern. We are interested in testing thelepen-
dence for a case where both ground and excited states are
prominently present in a time correlation function. For this i w
reason we have constructed a mock correl&g(t,ty). Its 0 T 10 T
building blocks were the eigenvalues of th& 2 correlation 107
matrix Cij(t,t0)=(<1);r(t)<bj(to)) using the above mentioned 07
local and non-local meson fields. Pieces of those were arbi- 107
trarily matched and enhanced in order to exhibit a multi- >
exponential correlation function. Whil€(t,t;) bears no B
physical significance, its rich structure provides a useful I
laboratory for testing thex dependence of the spectral den- o e T s .
sity function. ‘ Lo o v

In Fig. 1 we show a sequence of six pairs of Bayesian fits ‘
to the mock correlato€(t,ty) and the corresponding spec- .
tral densitiesp for a wide range of entropy weights. The o
stability of the global structure g while @ changes from 10”
1.4x10 2 to 1.4 10" is most notablg22]. As « becomes 107
larger entire peaks vanish starting with the smallest one. The 0~
reason is that the annealing actig@0) gradually loses o b .
memory of the data, contained ¥, in favor of the entropy. 0O 5 10 15202530  -2-10 1234
The fit ata=1.4x 10"’ exhibits the onset of a smoothing of ‘ ¢
the microstructure, starting with the largest peak. This is the
signature of emerging entropy dominance over the data. In g 1. Mock time correlation function€y shown with their
practice this situation should be avoided. In our case entropgayesian fits(solid lines, and the corresponding spectral densities
strengths in the regior<<10"° over eight orders of magni- . The sequence of six pairs of figures shows how the spectral fit
tude give stable consistent results. It has been proposed th@jolves through a change of the entropy weiglthrough 15 orders
spectral functions be integrated owerto avoid the param- of magnitude.
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T TABLE I. Plateau masses derived from E¢38—(3d) on the

2 T T T T T 2 T T
Y=-oS/W FY=-03/(¢/2) ] time slice range &t=<18. The entryE;, is the Bayesian result with
or e 7 0r 7 A; being the peak widtlstandard deviatigncomputed from the
1 r 1 spectral density functiom. Statistical errors are derived from a
27 1 2T T gauge configuration jackknife analysis.
= o ¢ o ®
. L 1z 4L 4
g g | ] Mef,o Meft, 1 Me2 M3 = Ay
8T 1 7 1 0.4688) 0.4687) 0.4683) 0.472) 0.471415 0.0176)
8 p ctty) 4 g Cltt)
T I B o B spectively.(In fact Y~6.2x 10" *a.) Beyond the linear re-
et P 60w ? ™ giontoo much entropy is loaded into the annealing action

leading to a smoothing of peaks, as seen in Fig. 1. Empiri-
FIG. 2. Empirical dependence of the entropy loatlg,, and  cally, the criterion emerging from this observation is to tune
Yg,2 on the entropy weight parameter see Eqs(23),(24). These  the entropy weight such that log(=—2=1 within the linear
results are for the mock correlat@y(t,ty). The lines indicate the region. The precise value of l0g) is not important; alsoy
extent of linear relationships. =Ygw andY=Yg,2 work equally well. As is evident from

) ~ Fig. 1 results are extremely robust against varying
eter dependencps]. Inspection of our results clearly indi-

cates that averaging overwould be without consequence to

the gross structure gf; only the microstructure would be B. Single-meson spectrum

affected. Even the region>10"® could be included, since The correlation functionc(t,t )=<Ci>*(t)<i>(t )) of a

the magnitude op quickly becomes insignificant. s 0
In order to decide on a tuning criterion farit is useful to

monitor quantities like

single pseudoscalar heavy-light meson operatb(t)
=3;Qa(Xt) ysqa(xt) delivers high quality data in this simu-
lation. We use these to compare with plateau methods and

(—aS)z, make some observations relevant to the present stochastic
Yow= ——— (23)  approach to the MEM.
<W>Bwﬂ°° In Fig. 3 plots of the mass function discretizatioi3s)—
(3d), built from c(t,ty), and the corresponding plateau fits
(— as)ﬁwﬁoo are displayed. Plateau fits were made directlyf@i—_o .. 3
Yyo=——S—, (24 The resulting masses, other thag ,, are from solving Egs.
(x /2>/3WH°° (3b)—(3d). Table | shows that those are consistent within

statistical(jackknife) errors.
where( . ..)z . refers to the annealing average measured Figure 4 gives a sense of the annealing dynamics. Beside
at the final cooling temperaturegg,;. We will refer to the Egs.(23) and(24) also shown are
above quantities as entropy loads. Those are shown in Fig. 2.
It turns out that log() depends linearly on log{ in the

regions logé)<+1 and logk)<+4, for Y andYg,2, re-
0.8 [T
r /J’effj % J]
06 Loo© [e2el =] 9 _
Lo Heteo $ | i
L Y 0—0—0—0—0—0—0—0—0—'—0—!—5—!—§ P
04 - -
x /'Leff,S L 4
02 - GREzEe=ss 555 9§:§§% -
% [ pay
< o0 F _
-02 + .
0.4 - Hoett2 %% AP
b gooo "od |
—06 o = ; — 'ul)‘ — '1'5‘ = '2'0' = 25' ‘30 FIG. 4. Annealing dynamics in terms of the tuning functions
t Ygw, Yg,2 andYs,Y,2, versus the cooling parametgyy,. The

graphs are labeled with reference to the entropy l§a8s(24), and
FIG. 3. Effective mass function8a)—(3d) for a single heavy- (25),(26). This example is for the single-meson correlator, with en-
light meson. The horizontal lines are plateau fits in the time slicetropy strengtha=5.0x10"° and a constant default modei=1.0
range 6<t<18. X102,
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FIG. 5. Time correlation function for a single heavy-light meson  FIG. 6. Spectral density for a single heavy-light meson, same
together with a Bayesian fita), and the corresponding spectral as in Fig. §b), but on linear scales, emphasizing the ground and the
density function(b). This result stems from a single random start, excites state&) and(d), respectively. The uncertainties Bf , E,,,

with entropy \ZNeighta=5.0>< 10°°, and a constant default model andA, are standard deviations from eight annealing runs.
m=1.0x10"*2

Ys=(—aS)g, .» (25) Aﬁ=Z;1L dopr(w)(0—E,)>2. (30)

n

Y 2=(x12) g, o - (26)
These integrated, low moment, quantities are evidently in-

In [15] and[14] the use ofYg,, was advocated as a tuning sensitive to the microstructure. They constitute the informa-
criterion. In view of Fig. 4Yg,2 appears to be a better choice tion that reasonably can be expected to flow from the Baye-
given its monotonic nature. A target entropy load¥af,2  sian analysis.
~10'*! is a safe tuning criterion, provided the cooling  The spectral density of Fig.() is replotted in Fig. 6 on
algorithm runs in theuppe) linear region; see Fig. 2. linear scales. The tall narrow peak in Figccorresponds to

The Bayesian analysis of the time correlation functionthe plateau masses of Fig. 3, as listed in Table I. There, the
c(t,to) is shown in Fig. 5. The solid line in Fig.(& derives  entriesE; andA; are the Bayesian results. Their statistical
from the computed spectral densjiyvia Eq.(15). With the  errors are derived from a jackknife analysis selecting four
exception oft,=0 all available time slices were used. Pa- subsets of gauge configuratiorislote that the uncertainties
rameters arer="5.0xX 10" °, for the entropy strength, a con- in Fig. 6 are standard deviations from eight annealing sjarts.
stant default modeh=1.0x 10 *? and a random annealing Cold starts from the default modet were used to suppress
start aboutm. The graph ofp in Fig. 5(b) exhibits a global the dependence on the annealing start configuration. The
structure consisting of distinct peaks, some broad, and a mpeak widthA ; is comparable to the gauge configuration sta-
crostructure of fluctuations on the scale&o. The micro- tistical error. This is the exception. With correlation function
structure depends on details of the annealing process, paiata of lesser qualityas with the two-meson operators be-
ticularly the start configuration. Clearly, it makes no sense tdow) the size of the peak width is typically larger than the
infer the microstructure from the data. The reason is thastatistical error. It appears that the peak widthis related to
only T—1=29 data points do not contain enough informa-the size®, of the corresponding effective mass function
tion to determinek , —K_+ 1=K =121 spectral parameters plateau, like in Fig. 3, or the size of the log-linear stretch in
(with any sizable probability a plot as in Fig. ). As a very coarse descriptioh,0,

On the other hand, the global structure is a stable featurezconst comes to mind. Usin@;=12 andA;=0.017 we
In the regionw>0 three peaks can be distinguished in Fig.have const0.2. The peaks=2 andn=3 seen in Fig. &l)

5(b). By way of inspection we loosely define would thus appear to originate fro@,~0.2/A,,, or 1.3 and
0.8 time slices, respectivel{By inspection of Fig. 3 as many
6,={w:wepeakn}, n=12.... (27)  as 5 time slices appear involved, howey&he physical rel-

evance of, at least, peak=3 is therefore questionable. On
Then, for each peak, we may calculate the volunig,, the  the other hand it is remarkable that the maximum entropy
massE,,, and the widthA,,, according to method is sensitive to the slightest details in the correlation
function data.

Zy= f dopr(w) (28)
on C. Default model dependence

The Shannon-Jaynes entrofdy’) implies the possible de-
En=251f dwpr(w)w (29) pendence of the computed spectral dengityn the default
Sn modelm={m,:K_<k=K}. We explore then dependence
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FIG. 7. Correlation functiorC;=(®1(t)®,(to)) of a heavy- - ¥e/p=045 o Y= 044 o
light meson-meson operator at relative distanee}. The Bayesian 100 |
fit (solid line) is from the spectral density shown on the right. At '
a=2x10"% and constant default modei=1.0x 10" *? the spec- o

tral densityp is obtained from an average over eight random an-
nealing start configurations. The average entropy load dg2
=0.477 for these runs.

using as an example the time correlation funct@n with
v,=1, v,=0, in the notation of Eq(7), at relative distance e e oa A .
r=4. -16 . . . . . . 2
Figure 7 shows the time correlation function data together 1* e
with the Bayesian fit, and the corresponding spectral density
p. The latter is the average over eight random annealing star 1* |
configurations. This has the effect of smoothing out the mi-
crostructure ofp. We have used a constant default model 1 |
m,=1.0<10"*, all k. N
The stability of this result is tested by varying the default = |
model through 15 orders of magnitude=10 2. ..10"3, i
as shown in Fig. 8. To keep effects of the annealing start - |
configuration small cold starts from=m, using the same I

m=10x10+3

random seed, were employed for all valuesnefin each o Lo e L T
case the entropy strength parametewas tuned such that -16 : : : : : 16 32
the entropy loadYg,2 remained constant. Aside from the “

familiar microstructure fluctuations, the globgbhysica) FIG. 8. A sequence of spectral densitiesbtained from a wide

features are stable within the range of, a remarkable, fifteerange of constant default modets; see inserts. The entropy
orders of magnitude. Numerical experiments with non-strength parametar was tuned to keep the entropy load constant,
constantm do not change this assessment. In Table Il arevs,2~0.045. The operator is the same as in Fig. 7.

listed the three integral quantiti€28)—(30) averaged over

the six default models together with the corresponding stante final cooling temperaturg; * exactly zero. Therefore the
dard deviations. Their smallne¢8.3-3 % attests to the de- annealing result fop settles close to the global minimum,
fault model independence of the Bayesian fits. Given th%aypmin, of W[ p]. Considering annealinghermaj fluctua-
huge variation of the default model the stability @fis re- s only, we expect the deviatidp— py;, to be large in

markable. directions(of p space where the minimum is shallow. Ther-

D. Annealing start dependence TABLE II. Averages of volume, energy, and width of the domi-

The annealing algorithm starts with some initial spectralnant peak seen in Fig. 8 over the six default model chores
configurationp;, . Depending on the purpose we have used=10""?...10"® at fixed entropy loadYs,>~0.045. The uncer-
cold starts from the default modej.mi: m, or random starts tainties are the corresponding standard deviations. The HI]_,HM
from the default modelp;y; = xcMy, Where thex, are drawn is the plateau mag8a) from Fig. 11 with the statisticajackknife)
from a gamma distribution of order two,p,(x)  ©Or. See Sec. IIIE.
=x2"te ¥/I'(a),a=2. The global features of the final spec-
tral density are of course independent of the start configura-
tion, but the microstructure qgf is not. The reason is that in 3923(18) 0.9723) 0.1043) 0.941)
practice the annealing process is neither infinitely slow nor is

Zy E; Ay Mefi 0
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FIG. 9. Excited state correlation functidd, of a heavy-light ¢
meson-meson operator at relative distanee4. The Bayesian fit 200 -y
(solid line) is from the spectral density shown on the right. At [
a=5x10"" and constant default modei=1.0x 10~*? the spec- 10 |
tral densityp is obtained from an average over eight random an- o r 1 r i
nealing start configurations. 00 [ 1 w0 L ]

mal fluctuations are easily controlled, however. Those were ,, ¢
kept negligible in the present study. More importantly, there
may be local minima close tp,,;, which are only slightly o o e o Dovmitinin } 1
larger thanW[ p.min]- This situation invites computing a set of 00 08 16 24 32 00 08 16 24 32
spectral densities from different, say random, initial configu- © ©
rations. The averages and standard deviations opthtaen FIG. 10. Spectral densities of the excited state correlation
give some insight into the structure of the peak and the nafunction of Fig. 9. The sequence of four frames shows the average
ture of the minimum oW and its neighborhood. (ave over a sample of eight random annealing start configurations
To present an example we have selected an excited staitluding the boundsdotted line$ of one standard deviation
time correlation functiorC,(t,t,) of the meson-meson sys- (=sig), and three selected examples of spectral functions making
tem at relative distance=4. C,(t,t,) is the smaller of the up that sample.
eigenvalues of the 22 correlation matrix Cj;(t,to)

=<d>fr(t)d>j(t0)>, on each time slice. The reason for select-Table I. This should be an acceptable test; certainly high
ing this operator is to see how the MEM responds to a dataesolution operators would fail it.

set that is marginally acceptable, at best. Figure 9 shows the

correlator and the corresponding spectral density obtained E. Relation to plateau methods

from an average over eight Bayesian fits based on different

random annealing start configurations. The same spectr?l Asr‘je_;‘rpm the ?bvtu;us d:jﬁer(?[ncgstk:ntilr?oqthg)t_andIpr:|—
density is displayed in the first frame of Fig. 10 on a linear osophy 1t 1S Important to understand that the traditional pia-

scale. The dotted lines represent the limits within one stantaY metho_d and the celebrated Bayesian approa_ch also are

v\glstlnctly different in the way they utilize the lattice cor-
spectral functions from selected single start configurations;.(al"’llto)r tdata. tF ';St’ th? former utse? t(_jata ol_n Onlgﬁ;ﬁjec'
They illustrate the microstructure fluctuations. Ively) truncated contiguous set of ime siices while com-

We argue that the microstructure, on a fine discretizatiorpIEter ignpring t_he re;t, Whgreas thg latter utilizgs the data

scaleAw, is extraneous information. On the basis that the®" all available time sllces_ without bias. Second, in the pla-

number (’)f measured data points, as supplied by the tim eau method the stochastic dependence of the data between
' e plateau time slices is often ignorégseeNote added in

correlation functiorC,(t,tg), is much smaller than the num- oroof), whereas in the Bayesian approach the dependence is
ber of inferred parameteys; , exact knowledge op would efully accounted for through the covariance matiix3).

actually constitute an information gain not supported by th
data. Rather, only averages of suitable observables based on

the inferred spectral density, like Eq28)—(30) for example, TABLE Ill. Averages of volume, energy, and width of the domi-
are relevant information that can be extracted from the Bayedant peak seen in Fig. 10 over eight random annealing start con-
sian analysis. Whether or not theaverage of a certain ob- figurations, at fixedx=5.0x 10"7 and constant default modeh
servable is relevant information supported by the data may 10 - The entrymeq, is the plateau mas8a) from Fig. 11 with
possibly be decided by the criterion that the standard devia'e Statisticaljackknife) error; see Sec. Il E.

tion with respect to different annealing starts be small. From
Table Il we see that the standard deviations for the small- 1

moment average$28),(29),(30) are comparable to typical 2156(11) 2.0127) 0.21411) 1.923)
gauge configuration statistical errors, for example those ia

E; Ay Mefi 0
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IV. SUMMARY AND CONCLUSION

&
[~

~

13
I

C We have reported on our experience using Bayesian infer-
ence with an entropic prior, the maximum entropy method, to
extract spectral information from lattice generated time cor-
o T LT relation functions. The latter were taken from a simulation
- 1 ; il 1 aimed at studying hadronic interaction, but used here only as
) . a repository of simulation data of diverse quality.
. ] - 1 In contrast with other works the method of choice for
o7 L 41 ok 4 extracting spectral densities was simulated annealing.
Between the maximum entropy method and simulated an-
o5 Lo Loned g b o nealing there were three major concerns about the parameter
0 5 10 15 20 25 30 0 5 © 15 20 25 30 and algorithm dependence of the results: Dependendg on
t_ ) t the entropy weight(ii) the default model, andii) the an-

FIG. 11. Effective mass functiongeno, see Eq.(38), of the  noqiing start configuration. Besides suggesting strategies for
correlator example€y; and C, shown in Figs. 7 and 9. The pla- 55 meter tuning, independence of the Bayesian inferred
:Tiiléz a:;esps:Cot\i/\vlgl as horizontal lines extending over 9 and 2 tim pectral densityp on (i) the entropy weight, andii) the

' Y- default model could be demonstrated within a range of eight

Hence, the traditional plateau method and the Bayesian ir2nd fifteen orders of magnitude of the parameters, respec-
ference approach cannot be compared on an equal footing. HY€!y- €oncerning the annealing start configuration depen-
particular, their systematic errors are in principle different, dence(iii) we argued that only spectral density averages of

A comparison of those methods is thus reduced to 0bs(_:‘r\;;e_rtain operators are acceptable. From an info_rmatio_n_ theory
pint of view [18], those should be operators insensitive to

ing their responses to the same data sets. If the numeric%1 ) ) X ,
quality of data is very good both methodia fact any two the microstructure of the inferred speptral density. In particu-
lar, keeping in mind that the theoretical structure of the lat-

methods$ will of course give the same answers. An exampleS oo o .
is the single-meson case discussed above; see Table I. In c4i&¢ SPectral function is a superposition of distinct peaks,
of imperfect numerical data, however, the two method<N0S€ operators include the spectral peak voldpeor nor-

should be expected to give different results. We illustrate thigh@lization, the peak enerdy, , or mass, and the peak width
point by showing in Fig. 11 the effective mass functiggg) ~ 2n» OF standard deviation. ,
of the correlatorsC;; and C, displayed in Figs. 7 and 9, Bayesian inference has too long been ignored by the lat-

respectively. While the,, data are somewhat level within 9 tic® community as an analysis tool. It has an advantage over
time slices, theC, data are extreme in the sense that only oconventional plateau methods for extracting hadron masses

data points are available to the plateau method. Bayesiafﬁom lattice simulations because the entire information con-

inference, as illustrated by Fig. 9 and also Fig. 10, has nddined in the correlator function, or matrix, is utilized. This
problem responding with a distinct peak. The reason, oftspect is particularly important where excited state masses

course, is that the entire set of correlator data including theifi"® desired, since the noise contamination of their signal can
correlations is available to the Bayesian approach. e significant. The maximum entropy method is very robust
In Tables Il and |1l we compare the plateau massgg, with respect to changing its parameters. Simulated annealing

obtained from Eq(3a) to the Bayesian resuls,. The num- is practical for obta}ining spectral dgnsity.functions. The
bers differ by about 3—5 %. Note that the statistifatk- method should be given serious consideration as an alterna-

knife) errors on the plateau masses are much smaller. pdlve to convent|_onal ways. ) .
cause of the data truncation the method has no way of Note added in proofUncorrelated fits to a mass function

“knowing” about the poor quality of the correlator data, par- Imay be justifieg i ﬂ;]e numl?)er O‘; g?uge co_nfigurz;técbhis
ticularly in the C, case of the excited state correlator. The sr%e ;:é)m};ﬁre tﬁ the ”;.“.“ m‘jr orp at[e)?“ 1'['81;5 Sl p50e
Bayesian method, on the other hand, is fully “aware” of this ef. [23]. There the conditioN>max(D?, 10(D+1)) ap-

fact and conveys this information by responding with a siz-Plid t0 the situation of Fig. 3 gives 708169.
;b;zsgzak widthA 1, which easily encompasses the plateau ACKNOWLEDGMENTS

This raises the question whether Bayesian peak widths or This work is supported by the National Science Founda-
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